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Abstract 

Recently a new four-dimensional non relativistic renormalizable theory of gravity 
was proposed by Horava. In this paper we have found different near horizon geometries 
in Horava gravity. We find the rotating solutions in a special range of parameters of the 
theory. This range allows us to include up to six derivative terms in the equations of 
motion. We have found our solutions as perturbed solutions over spherical symmetric 
background with small rotating parameter. 



1 Introduction to Hofava Gravity 



Recently a new four-dimensional non relativistic renormalizable theory of gravity was pro- 
posed by Hofava [1]. It is believed that this theory is a UV completion for the Einstein 
theory of gravitation. A great deal of efforts have been done to understand this the- 
ory [2], [3]. In this section we try to review the Horava gravity and its equations of motion. 
In next sections we will find solutions to the equations of motion. Our solutions include 
the extremal spherical and rotating black holes of Hofava gravity. 

We start from the four- dimensional metric written in the ADM formalism, 

dsl = -N'^dt^ + gij{dx' - N'dt){dx^ - N^dt) . (1) 

The Einstein-Hilbert action is given by 

Seh = j^Jd^x^N{KijK'^-K^ + R-2A), (2) 

where G is the four dimensional Newton's constant and Kij is the second fundamental form 
and is defined by 

K^J = ^i^tg.,-'^^N,-V,N,). (3) 

The action proposed by Hofava describes a non-relativistic renormalizable theory of gravi- 
tation and is given by the following action [1] 

J \k^^ ' 8(1 -3A) 32(1 -3A) 

where X , k , n ,w and Aw are constant parameters, and Cij is the Cotton tensor, defined by 
C^J = e^fc^fc I^R', - ^RSj^ = ^''VkR'i - l^'^dkR . (5) 



■^R^.R'' + ^.^'''R^^^M - ^,C,C- , (4) 



Using the relation 

^^^^Rii^jR^k = Rie 
one can rewrite the action (j4]) as 
S = J dtd^x {Co + Ci) , 



C'^ + ^e'^^djR =RiiC'\ (6) 



' 8(1 -3A) J ' 

1 



By Comparing Cq with the general theory of relativity in the ADM formalism, one can read 
the speed of light 0, Newton's constant and the cosmological constant as 



4 V 1-3A' 327rc' 2 ^ ^ ^ 

Additionally, demanding that Cq gives the usual four dimensional Einstein-Hilbert La- 
grangian (general covariance), one finds that A = 1. 

The equations of motion for the action ([7]) are given in [2]. By variation of the Lagrangian 
with respect to we find 



' 8(1 -3A) 32(1 -3A) 2w^ ^ ' 

where ^ 

Zij = Cij 2~^*"' ' ^^^^ 
The variation of A^* gives the following equation of motion 

Vk{K^^ - XKg''^) = 0. (11) 

and finally, the equations of motion due to the variations with respect to g'^^ are given by 

A pd) _ ^ ti^fl'Aw p(3) , ^V(1-4A) (4) _ (5) _ (6) _ . 

^2^^3 ^2^«J- +8(1-3A) ^ 32(1-3A) 4t/72^*.- 2^/;4''*-'- ^'^^ 
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where 



4f = ^NK^g,^ + N,d,K + Njd,K-N'idkK)g,, + kg,^ 
1 „ 3 



4f = N{R,^--RgiJ + -Awg^J)-{V,VJ-g,,VkV'')N, 

Elf = NR{2R,,-^Rg,,)-2{\/,\/,-g,,\/kV')iNR) , 
Elf = Vk[V,{NZ\) + V^{NZ''^)]-VkV\NZ,,)-VkVe{NZ''')g 
Elf = -^NZ^Z^'gi, + 2NZ,kZ^' - N{Z,kC^' + Z.^C, + NZ^C^'g^j 

— -^ k[Ne^'^^ {ZmiRji + ZrnjRu)] + 2'^"^ ^ n[Ne"^'^^ {Zmig^j + Zmjgki)] 



t] 1 



^In this paper we consider c = 1. 



We will use these equations of motion in order to find new solutions in Hofava gravity. 

2 Extremal spherical solutions 

Before we start to studying the rotating solutions we are interested to find the near horizon 
behavior of the known static, spherical symmetric solutions. These solutions will be the 
special case of our solutions when we set the rotation parameter to zero. The static, 
spherical symmetric solutions has been found in [2]. Similar to [2] we start from the following 

ansatz 

ds" = -N(rf dt^ + -f— + r\de^ + sin^ edcf)'') . (14) 
fir) 

If we consider only the Lagrangian Cq, then we will find the (A)dS Schwarzschild black hole 
as the following 

2 r 

The above solution has an extremal limit with critical mass Mn = ^^Y^ and a horizon 

y 

located at tq = ■ The near horizon of such a geometry is given by 

2 "i^w dt^ 2 dr'^ 2 ^ , ■ 2 /> 7 ,2n nR\ 

ds = — - — + — — {d9 + sm Od(p ) (16) 

2 r2 3Aw SA^/ 

If we consider the total Lagrangian £0 + -^i) then will we find the following solution in the 

special case of A = 1 

= f = 1 - Awr^ - M {-Aw)~^r-^ ■ (17) 

The extremal solution corresponding for this case can be found when we consider the value 
of M to be Mn = -\. Also the horizon is located at rn = , l, . The near horizon 
geometry of such a metric is given by 

ds^ = _ 2(-3Ah^)^ ^^2 _ _A.^dr^ - -^{d9^ + sin^ Odcj)^) . (18) 

3Awr^ 3Aw 

One can find the solution for general value of A. The solution to the equations of motion is 

/ = 1 - A^r' - M{{-Awf^rr , = ((-A^)ir)V , 
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m = , fc = 2(l-2m). (19) 

A — 1 

If we impose the reality condition for m then | < A < cxo or equivalently — 1 < m < 2. 
Once again in order to find the extremal solution we need to find the critical value for M 
and the location of the horizon. These are given as follows 



Mo = 2m-- 2-m Tq = — — , 20 

y (m - 2)Aw 

Considering tq as a real parameter, we note that for Ky/ < 0, then < m < 2 and for 
Ai^ > we have — 1 < m < 0. By considering these constraints we find the near horizon 
of the above geometry by using the following change of the variables 

r^(C + ^)^, t^\. (21) 
Sending e — one finds the near horizon metric as 

By a scaling of time one may rewrite the above solution as a product space of AdS2 x S"^ 
with different radii 

3 Extremal rotating solutions 

In this section we are interested to find new solutions of Hofava gravity which include 
angular momentum. We divide our work into three parts. In first part we consider those 
terms in the Lagrangian which give rise to the two derivative terms in the equations of 
motion. In the second part we improve our work and consider up to fourth derivative terms 
in the equations of motion by sending w ^ oo. Finally we will obtain the solution to the 
equations of motion by taking into account the Cotton tensor, which in this case we have 
six derivative terms in equations of motion. 

3.1 Two derivative terms 

If one consider up to second derivative terms in the Lagrangian, one finds the known 
topological rotating solutions given by P] for equations of motion. In the Einstein gravity 
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its metric reads in Boyer-Lindquist type coordinates as the following 



ds^ = 
where 



dt — a sin 6 



Pi 



Afl sin^ e r 



A, 



l2 



adt - (r^ + a^)d(f) , (24) 



2 I 2 2/1 

r + a cos t/ . 



a" 



P 

Ar = {r^ + a^){l + -)-2Mr, = 1 - ^ cos^ ^ , (25) 

and a is the rotational parameter. Here we consider = — ^ in our notation. One may 
also write the above metric in the ADM form [3] as 

,.2 A A „ ^2 

ds 



where 



^2V2 



+ a^)^A0 - a^sin^M^ , w = --^ -{r^ + a^)Ae 



Ar 



A, 



2p2 



-{d(j) — wdt) , 



Ar 



(26) 



(27) 



Writing in this form one can explicitly check that it satisfies the equations of motion (Q, 
f lTT]) and f lT2|) at the level of two derivative terms. 

Again we are interested to find the near horizon geometry of this solution. The extremal 
solution happens at a critical mass Mq = + 2r^ + a^), where the parameter 



ro 



(2J 



gives the location of the horizon. We must note that in the limit where a — )■ 0, the solution 
with " +" sign has a naked singularity but the the other one with " — " sign gives our previous 
result in solution ( IT6l) . 

In order to find the near horizon geometry of the extremal solution we define new 
dimensionless coordinates as 



t 



roH(r2 + a^)t 



ea 

r — > ro H 

r 



(29) 



2a^ e r Tq + a 2a e' 

If we send e — )■ 0, while keeping the new coordinates {t, r, 6, </>) fixed, then the result will be 
the following geometry 



ds' 



Irl dt^ , ^dr\ 1 , A ^2'-~^'•^ a 



4 / 



+ 



fo 



+ —de' + AeA' {9){d(j) + —dt) 



where we have scaled time as t — )■ # ^ and 



a 



A 



sin 6 



.(l + r^cos^^), A(^)= 
2 r5 1 + ^ cos2 6 



fo = l + 



I r 



6rQ + 
P 



(30) 



(31) 



We can do time scaling more to rewrite the first two parts in the metric as an AdS2 metric. 
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3.2 Four derivative terms 

After finding the exact solution for equations of motion for second order derivative La- 
grangian, we are interested in considering the higher derivative terms. Because the equa- 
tions of motion contain up to six derivative terms, it is very difficult to find the exact 
solutions. In order to understand the behavior of rotating solutions in Horava gravity we 
try to solve the equations of motion for a special case, when the real parameter w ^ oo. 
Doing this, is similar to the fact that we ignore the effect of Cotton tensor in our equa- 
tions of motion. Even in this case it is difficult to solve the equations of motion exactly. 
Hopefully we can find our solutions as the perturbed solution over the spherical solutions 
by considering the rotating parameter to be small i.e. a « I. So in fact our solution will 
describe the near horizon solution of slow rotating extremal Kerr black holes in Horava 
gravity. 

Using the near horizon geometry for topological rotating black holes found in ( l30l) and 
by changing of the variable as x = cos^ we can make a general ansatz for an extremal 
rotating black hole as follow 

dt^ dv'^ dx^ a 

ds"" = -N\x)-— + Ai{x)— + A2{x)-—^ + A^{x){l - x^){d4> + —dtf , (32) 

L f T* X Ob L f 

This ansatz automatically satisfies in equation fllip . There are some points about our 
ansatz. Because there are two possible field redefinitions for x and t one can use them to 
fix the value of g^x and the scaling of time. The former can be fixed by choosing 

A2{x) = rlil + ^x^) \, , (33) 

ro 1 - fa-X^ 

and the later is fixed by choosing the coefficient inside the off-diagonal term. The form of 
equation (l33i) will help us to find the value of horizon ro for our extremal solution. One may 
chooses other values for fixing the ambiguities in fields, but the results will be equivalent 
with our solution by a field redefinition on the coordinates x and t. 

If we start to solve the equations of motion in terms of the rotation parameter a, we 
will find polynomial solutions with some constants of integrations. Most of these constants 
can be fixed by applying the following constraints. 

1. One must notice that in order to solve the equations of motion we need to impose 
some regularity conditions at poles located at 6 = 0,% or equivalently at x = ±1. We use 
the similar conditions noted in [5j. It is important to note that these regularity conditions 
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are imposed at the level of kw — )■ 0, 

N{x)Al (x) — constant , x — )■ ±1 , 

-^^1, x^±l. 34 

^3(3;) 

The second constraint can be found equivalently by imposing the value of g^^ = Tq at x = 0. 
But if we consider a non zero value for Aw the ratio of 44^ in second constraint will tend 
to another value, 1 + 0{k-w)- But we still can use the relation g^^{x = 0) = Tq. 



2. We have a symmetry as x ^ — x, so that the solutions will be even polynomials of x. 

By knowing the above facts and for exercise let us come back to the case with two 
derivatives in equations of motion and impose the above constraints. We find the following 
solution 

N\x) = cl + ^l\c2 + x^)a'' + 0{a^), 
Ai{x) = ^ + ;^(l + x2)-^a2 + 0(a^), 



3 36 ' 'cf 
3 ^ 36 



As{x) = -^^ + 4fl2(x2-l) + 4(x2 + l))a2 + C(a' 




ro = \ + -1^(12 ~ -,)a\ (35) 



This solution must result the near horizon spherical symmetric solutions (!22|) when a = 
up to a scaling of time, i.e. except the value of gu, the other parameters of the metric are 
equal. This comes from the fact that the scaling of time in metric ( l22l) and the metric (130|1 
are not the same. The other two constants ci and C2 can not be fixed. In fact we can read 
them by finding the series expansion of fl30|) . We find the following values for the remaining 
constants 

ci = \/-^ , C2 = -5 . (36) 

We now consider the Horava gravity with four derivative terms in equations of motion. In 
this case one may note that we have not a similar solution like the metric in (l30ll . Imposing 
the regularity and symmetry conditions gives the following solution to the equations of 
motion for a general value of A 

A^^ = cl + ^ 2 2 1488 + 1024(^ + 196 C^- 6 C^- 3 



3(5 + 22 C^) (6C' + 1)"(2 C' + l)^ 
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- 3 (432 C*^ + 344 + 52 - 16 - 3) x^ja^ + 0{a^) , 

- + '^'^ - el (528C + 472^+ 124C^ + 10) + + 
+ (2 + 6C' + 4C')x2|a2 + 0(a^), 

A^ix) = C^f + - . \ ^ -^|C'(64C' + 12C'- 1)/^ 

^ ^ 4(264(6 + 236C^ + 62(2 + 5)^2 |s v s ^ s ; 

+ (-528C® - lOOOC^ - 596C^ - 134C^ - 10)c? 

+ (^C^(16C^ - 4C^ - 3)/^ + (528C® + lOOOC^ + 596C^ + 134C^ + 10)ci^x^^ 

+ 0{a'), (37) 

with 

_ (C^ - 12(6 _ g4^8)^4 ^ ^ 134^2 ^ 5Qg^4 ^ 1000^6 ^ 528^8)^2 
"° - 8/Cc?(264C + 236C + 62C2 + 5) ^ ' ^^^^ 



where C = y + + 6A). As we see all the constants have been fixed except Ci. We 
can't fix it because our solution has not the same time scaling as (l22l) . but one can easily 
check that when a = we can find Qrr, gee and g^^ as in (l22ll . 

In the special case of A = 1 and using the value C = the above solution reduces to 

^'(^) = c? + -^(33 + 31xW + (^(«'), 
2496 

A,{x) = ^-^(17+14x2)|a2 + 0(a^), 



M^) = - + ^^(^17472(x2-l)-(29a;2-25)-2ja2 + 0(a^), 

ro = ^(17472 -254)^«' + C(a'^). (39) 

" 76 59904^ c\' I ^ ' ^ ' 

3.3 Six derivative terms 

We can include the effect of Cotton tensor, so we perform our calculations at finite value 
for w. To find the solution perturbatively in terms of a we consider the following ansatz 



8 



for metric components 

N{x) = n + (p + gx^)a^ Ai{x) = s + {u + vx'^)a'^ 
^3(2^) = f + {9 + hx^)a^ To = Xo + xio^ . (40) 

Putting them into the equations of motion we will find the a set of algebraic equations 
presented in Appendix A. There are two more equations which fix the values of s and Xq, 
our computation shows these are independent of w and give the previous result in fl57|) . 
The equations of motion in appendix A is very complicated to solve in terms of general 
value of A parameter like what we found in fl371) so we restrict ourselves to the specific value 
of A = 1. By this we can compare our solutions in the Horava gravity with those in the 
Einstein gravity. The solution to the equations of motion will be 

,,2. X 2 1 5(33 + 31x^)ujH^ + l62 (22 + 5x'^)k\o o 

P 1 5(17 + 14a^2)^4;4^ 270(l + 2x-2)A*r'a2 



^ , , 5 ISuH^ + 2l6k\. 1 r 25 



3 7488 5 uH^ + 108 ' 

(25 - 29x>¥' 



+ 



78 5 uH* + 108 k^ (5 uH^ + 108 k^y 

175 A . 0.0. ,45 639 
T2"V 



29952 



(-1 + a;2)nV + (— - x^)kAuH' 
^ ' ^728 18928 ' J 



2025 f 16744 26 _ _ ( H _ _ 68040 _ 



1352 V 45 '23 ' '2 ' J 13 '10 

I 1 , 25/\y6 2 , , 

= 76 - 59904("«2— (41) 



As we see this result gives exactly the four derivatives result in fl39|) with n = Ci when one 
sends w oo. 



4 Discussion 



In this section we try to compare the result of the Einstein gravity for two derivative solution 
in equation (l30l) or (l35ll . with the four derivative ( l39l) and the six derivative ( HTl) solutions 
of the Horava gravity. We also argue about the properties of our solutions. 

1. Limiting ourselves in A = 1 one can precisely see that it is not possible to recover 
the result in (1351) from (l39ll or (HTl) . This was first observed in [2] and our results reconfirm 
this behavior. 
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2. One can also compare the location of the horizon tq. As we see this location for 
solution (1351) differs from ( l39l) . Additionally our six derivatives solution (1411) shows that 
the location of horizon is independent of w. 

3. One important parameter for rotating solutions is the angular velocity. If we consider 
the rotation relative to the stationary frame at infinity then the angular velocity is given 
by 

This value is given by ^ along the time-like trajectories of co-rotating observers with fixed 
values for r and 9. The time t is proportional to the proper time as t = j^^t. 

There is an interesting property for angular velocity for a fixed value of the rotating 
parameter "a". For Aw > 0, the angular velocity increases monotonically in terms of A. 
On the other hand for Aw < the angular velocity decreases monotonically. 

There is also another interesting point when one considers the fHTj) solution. As one 
sees the value of tq is independent of w and this shows that in this region of parameter 
space (slow rotation) w is not relevant in the value of angular velocity. 

4. To recover solution in fl39l) from fHTl) we must send w oo and to recover the 
non-rotating solutions we must send a — 0. But the solution in pil) suggests that if we 
first send a — > then we must also send simultaneously tf; — ?■ oo to recover the stationary 
solution. 

5. Solution (HT!) suggests that there is another w- independent solution in the region 
of parameter space when /c — t- oo. This solution has the same location of horizon and 
angular velocity as ( 139|) but one cannot recover the stationary metric when a — t- 0. This 
also suggests that the region of large k and nonzero value of a is disconnected from the 
region of finite k and zero value of a. 
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Appendix A 



fxl + 4((/is + fv)xl + 2fsx^xl + {^\fv - (A - ^)hs)l''xo - 2(A - jn^ = ,(43) 



pi^xl + - 8s/x^ + (^(8A - A)sf + (^6t;/A + (-16/iA + 8/i)s)a;^^/^ 
+ 8((A-^)./ + (2./.+ ^^/)x^)fx^)n^ = 0, (44) 

- s//2n^xi«;^x^ - ^ {{~p + (j9 + 2g)A)s/Z^ + ( - 4s/A + (6(A + ^-)sh + {~u 
+ 5w + (w - 'dv)X)f)l^^n^fnw^xl + (A - ^)s//^n2a;iti;^x^ - - s//^At/;^ - sfK^ 
+ 2(s/i- ^^;/)/iY)n'x^ + s/«;W = 0, (45) 



2 4 
X(\ 



+ ]^"(((28^^(-§ + ^)^' + (6 + 8A)s)/ - (4 + 16A)s/i/2)n - hsl\^ + A)g/)^/;^/ 
- 2n2( - + \^)^'sfl' + /^'((-^/'t' - ^^)/ + I'shy^xl + = , (46) 

+ {2fun^ - 2sp{f - 3s)n + ^l^sf^w'^fx^ - Asn^ fw'^xi{f - 3s)xl - (^(^- hXs 

- f{{u - 2v)\ + v)^n + Xfsp^w^nl'^xl + (§( - {\h{X - - ^vfX)w^sl'^ 

+ {sh - ^vf)KH^ - ^sfK^y + pwHU^f{X - ]^^nxl - (2A - l)s^xiw%^ fl^xl 

- 2s({sh - ^/(-4 + v))l' - \sfy'n'xl + /VsV«' = , (47) 

- [{-Avn^ + Asnq + s/)/^ + (-12ns^g + Asn^)f - l^n^s^^ fx^ 

- ^w^n(^(^{4hXs - (4A - 2)v f)n + Xf sq^l"" - 4s ((-^ + ^A + ^w)n + sg^//^ 

- 6n.V)/'4 - ln{^-w's({^h{X - \)s - i}-{v + 1)A + \v)f)n + sfq{X - 

^ n(- (-A - -)wVs' + i^^hs - -fvAf -nsK^fYxl + 2n^( (-A - -)w^sfl^ 



.g -^g/ . 2" y 2 V V6 12' 
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- «:^(s/i-(^ + ^^;)/)/^ + ^s/«:^)Ao + ^W/«:^ = 0, (48) 



+ Q (^(A(-/i + g)l^ + 2vf)s - fX{v + u)fy + ^{Asq + \p) s f^w^f 

- pwVl'x.Xxl + ^«(( - - ^) ((14/^ + 9)1' - 8f)wH's' + (^^(A + \)wH' 

+ n'hf - \t,'fy - \fl\n'y - (ig + \p)w\\ - \)l's'f)xl 

+ \{2\ - l)s\iwW fl^xl - (2( - \fw\\ - i)/^ + K^'hf - 
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